A stochastic volatility (SV) problem is formulated as a state space form of a Hidden Markov model (HMM). The SV model assumes that the distribution of asset returns conditional on the latent volatility is normal. This article analyzes the SV model with the student-t distribution and the generalized error distribution (GED) and compares these distributions with a mixture of normal distributions from Kim and Stoffer (2008) . A Sequential Monte Carlo with Expectation Maximization (SMCEM) algorithm technique was used to estimate parameters for the extended volatility model; the Akaike Information Criteria (AIC) and forecast statistics were calculated to compare distribution fit. Distribution performance was assessed using simulation study and real data. Results show that, although comparable to the normal mixture SV model, the Student-t and GED were empirically more successful.
Introduction
The Hidden Markov Model (HMM), originally introduced in 1957, , Cappe, et al., 2005 has many applications in fields such as signal processing, medicine, engineering and management. The HMM is a doubly stochastic process, 0 ) , (
≥ t t t Y X
, with an underlying stochastic process, t X , that is not directly observable but can be observed through another process, t Y , that produces a sequence of independent random observations.HMM are equivalently defined via a functional representation known as a state space model. The state space model (Doucet & Johansen, 2009 ) of a HMM is represented by two equations: state (1) and observation (2) (Taylor, 1982) , accounts for time-varying and persistent volatility and the leptokurtosis in financial return series. The SV model has become popular for explaining the behavior of financial variables, such as stock prices and exchange rates (Durbin & Koopman, 2000; Doucet & Tadic, 2003) and its popularity has resulted in several different proposed approaches for estimating model parameters. Though theoretically attractive, the SV model is empirically challenging due to the fact that the unobserved volatility process enters the model in a non-linear fashion which leads to the likelihood function depending upon highdimensional integrals. Estimation procedures, such as the Generalized Method of Moments (GMM) (Mellino & Turnbull, 1990 ) and the Efficient Method of Moments (EMM) (Gallant, et al., 1997) have been proposed for the SV model. Other proposed estimation procedures include the method of moments and the quasi maximum likelihood approach methodology to approximate the SV model to a linear Gaussian model (Harvey, et al, 1994; . Durbin and Koopman (2000) used the idea of linearization of general state-space models and matched terms in the likelihood of a linearized model to those of a linear Gaussian model. Several studies (Jacquier, et al., 1994; Chib, et al., 2002; Kim, et al., 1998) adopted the Gibbs sampling scheme, and Shephard and Pitt (1997) applied the Metropolis-Hastings scheme for the analysis of the SV. Kim and Stoffer (2008) showed how the incorporation of the EM algorithm and SMC (particle filters and smoothers) forms a basic idea to handle the parameter estimation problem in the SV model. Estimation can be accomplished by applying a filtering algorithm. (Kitagawa& Sato, 2001 ) combined particle filtering methods and gradient algorithms. This article expands the scope of application of SV models, by extending SMC techniques with the EM algorithm developed by Kim and Stoffer (2008) to estimate SV model parameters with the student-t distribution.
The SV model usually assumes that the distribution of asset returns conditional on the latent volatility is normal. However, financial data often have heavier tails than can be captured by the standard SV model: This has led to the use of non-normal distributions to bettermodel and to deal with the heavy tails (Shephard, 1996; Kim, et al., 1998; Bai, et al., 2003; Sadorsky, 2005; Kim & Stoffer, 2008) . Liesenfeld and Jung (2000) fit a Student-t distribution to the error distribution in the SV model using the simulated maximum likelihood method developed by Danielsson and Richard (1993) and Danielsson (1994) . A promising distribution that models both skewness and kurtosis is the Skewed Student-t (Fernandez & Steel, 1998) . Hence, it is necessary to determine the best-fitted model out of a potentially huge class of candidates; it has become pertinent to develop efficient model selection criteria. As this background illustrates there is an evergrowing literature on time-varying financial market volatility; it is abound with empirical studies in which competing models are evaluated and compared on the basis of their forecast performance (Andersen, et al., 2005) .
Stochastic Volatility (SV) Models SV models belong to class of Hidden Markov model and account for volatility of data. The SV model can be expressed as an autoregressive (AR) process:
is the log-return on day t, and β is the constant scaling factor so that
represents the log of volatility of t y (Taylor, 1982 Kim & Stoffer, 2008 for details).
Student-t as an Observation Noise
Equations (3) and (5) are an extension of the linearized version of the SV model wherein it is assumed that the observational noise process, t z is a student-t distribution. The model, first presented in Shumway and Stoffer (2006) 
The distribution of the error term for this specification according to Shimada & Tsukuda (2005) 
The distribution of the GED according to Bao, et al. (2006) takes the form
The log-likelihood function for the GEDmodel is:
The paramount parameter estimation toolto achieve maximum likelihood estimator is the EM algorithm and it has been widely applied to the cases where the data is considered to be incomplete in the sense that it is not fully observable. It is comprised of the two following steps: E-step: Compute the expected likelihood, ) | ( 1 n θ θ , for some specified Q , obtaining suitable initial parameters inclusive. An online EM algorithm recently proposed for discrete HMM can be extended to more general settings, including non-linear non-Gaussian state-space models that necessitate the use of Sequential Monte Carlo (SMC) filtering approximations.
Sequential Monte Carlo Methods (SMC)
After its introduction in the 1960's, SMC has become an emerging methodology for the nonlinear or non-Gaussian state-space models. The chief initiative is to represent the interested density function ) ¦ (
by a set of random samples with associated weights,
and compute estimates based on these samples and associated weights. As the number of samples becomes very large, this Monte Carlo characterization develops into an equivalent representation to the functional description of the probability density function (Arulampalam, et al., 2002) . Particle filters and smoothers are SMC methods grounded in particle representations and are considered generalizations of Kalman filters and smoothers for general state-space models. The fundamental approach used to obtain particles from the desired density is based on sequential importance sampling (SIS) and resampling. SIS, a Monte Carlo method, forms the basis for most particle filtering methods. Kitagawa & Sato (2001) and Kitagawa (1996) provide an algorithm for filtering in general state space model. This is a Monte Carlo filtering for general state-space models:
Repeat the following steps for
= is a set of particle smoothers and associated weights approximating the density function
, then the density function is approximated by:
The problem with smoothed estimates is degeneracy. Godsill, et al. (2004) suggested a new smoothing method (particle smoother using backwards simulation). The method assumes that filtering has already been performed, thus, the particles and associated weights,
The algorithm from Godsill, et al. (2004) supposes that weighted particles The SMCEM estimation procedure consists of three main steps: filtering, smoothing and estimation. Parameter estimation for the Student-t and GED SV model were considered. A basic approach for the Student-t SV model, equation (7), is to apply the EM algorithm; with the output of filtering and a smoothing step an approximate expected likelihood is calculated.
Filtering
Step
The algorithm for the filtering and smoothing steps shows a slight modification of Godsill, et al. (2004) and Kim and Stoffer (2008) 
for each t were obtained as: 
Step 
This method results in the estimates: 
Methodology
The proposed method to compare the fit of the distributions is illustrated using three simulated data sets and daily exchange rates of the Nigerian Naira, Ghana Cedi, British Pound and Euro compared to the U. S. Dollar, from March 3, 2009 to March 3, 2011. Figures 1-3 show the plots and histograms of data generated from the normal mixture, Student-t and GED SV model respectively and Tables 1-4 show the results of the estimation for the models.
Simulation 1
Data were generated from the normal mixture SV model The technique based on mixture and Student-t SV was applied to this data to examine the performance of the proposed model. To make the process stationary, 11,000 samples were generated and the first 10,000 values were discarded. Figures 2a and 2b show the plot and histogram for Simulation 1.
Simulation 2
Data were generated from the Student-t SV model with true parameter set ) , , , ( v α τ φ = (0.81, 1.45,−3.01, 8). The technique based on the mixture and Student-t SV models was applied to this data to examine the merit of the Student-t idea; the length of the data, } { t y , was 1,000. Figures 3a and 3b show the plot and histogram for Simulation 2. The second data set was used to observe the behavior of the estimation procedure when a departure from the normal mixture observational error assumption exists. These results show that the model provides good estimates despite the fact that the true observation noise is not a normal mixture distribution.A similar simulation study was performed using the data from simulation 2 (see Table 2 ).
The The method based on the Student-t SV model worked well in both cases. When the estimation procedure based on the normal mixture SV model was applied, the estimates were distant to the true parameter. Conversely, the application of the technique based on Student-t model indicated a better proximity to the true parameters; therefore, extension of the SV model by adopting Student-t is meaningful. Table 3 shows the results of the parameter estimation procedure on technique based on the normal mixture SV and GED on data generated from the normal mixture model; [0.8699, 3.6899, −4.8897, −7.8897, 4.000 show that the GED model gives good estimates even though the true observation noise is not a normal mixture distribution. Table 4 shows results of the parameter estimation procedure on technique based on the normal mixture SV and GED on data generated from the GED SV model. The method based on the GED model works well in both cases. When the estimation procedure based on the normal mixture SV model was applied, the estimates were far from the true parameters. By contrast, the application of the technique based on GED model indicated a better proximity to the true parameters. Figures 5-8 : the data experience a small variance for some periods of time, and for other periods they show a large variance. For this reason, it cannot be assumed that the data have a constant variance. Table 6 presents the estimation results along with their standard deviations for the Student-t, normal mixture and the GED SV models. These distributions produce comparable maximum likelihood values, indicating an acceptable overall fit. The values (ranging from 0.927 to 0.988) suggest high persistence of the volatility of the series indicatingthat volatility clustering is observed in all the exchange rates return series.
The Akaike values and the evaluation statistics using the all data are shown in Table 7 . The AIC and the log-likelihood values highlight the fact that (GED) Student-t distribution better estimates the series than the normal mixture distribution for the SV model. In fact, the loglikelihood function increases, leading to AIC criteria of 2. 805, 3.4593, 3.9989 and 9.6632 with the normal mixture versus (2.7814304) 2.776433, (3.4223827) 3.391374, (3.9749741) 3.969968 and (9.6513786) 9.646376 with the non-normal densities, for the Naira/Dollar, Cedi/Dollar, Pound/Dollar and Euro/Dollar rate respectively. The statistics from the volatility forecasts (Sadorsky, 2005) are presented. In terms of MSE, the Student-t performs better than the normal mixture for the Naira/Dollars and the Euro/Dollar exchange rate while the opposite is true for the Cedi/Dollars and Pound/Dollar exchange rate. Generally, the MAE results are not different from the MSE results. In terms of MAPE, the Student-t SV model is preferred in three cases and the GED SV model once. 
Conclusion
An extension of the observation error in the SV model from normal mixture to Student-t and GED distributions was presented. A sequential Monte-Carlo expectation maximization experiment was used to estimate parameters for the extended SV model. Functions provided by MATLAB enabled techniques based on the Student-t and GED SV model to be developed along with a strategy for fitting a model that combines the EM algorithm and SMC; this change to the proposed model allowed for a more robust fit, providing a new tool to explore the tail fit. The Student-t and GED SV model was compared with the normal mixture. The EM algorithm makes it possible to obtain maximum likelihood estimators. The estimation Algorithm was completed by applying the Godsill, et al. (2004) particle smoothing algorithm to the SV model with (3) and (5) as the observation and state equations. The outcome of the simulation and real data analyses confirm the viability of the proposed method. Results show that the proposed estimation algorithm yields acceptable results when the normal assumption is violated as well as when it holds, thus widening the range of application of the SV model.Statistics were calculated to compare the fit of distributions. Results, based on data from the Naira/Dollar, Cedi/Dollar, Pound/Dollar and Euro/Dollar exchange rates, reveal that the Student-t is comparable to the normal mixture SV model but is empirically more successful. 
